Abstract. The purpose of this note is to show that the third unramified cohomology H 0 Zar (X, H 3 (Q ℓ /Z ℓ (2))) of a smooth projective geometrically rational variety X of dimension 3 over a finite field k = F q must vanish under Z ℓ -exactness Hard Lefschetz condition.
Introduction
Let k be a field and ℓ = char(k) = p be any prime. Let X be a smooth projective geometrically integral k-variety. Denote by H for the unramified cohomology with ℓ-divisible resp. finite coefficients. We denote by α : Xé t → X Zar the obvious morphism. In fact, one has H ń et (A(j)) = R n α * A(j). By a geometrically rational variety over a field k we mean a smooth projective variety X such that X = X ⊗ k k is a rational variety. For a smooth projective variety Y of dimension n + 1 over F q with a smooth hyperplane section Z, we say that Y satisfies Z ℓ -exactness Hard Lefschetz condition if one has a direct decomposition Theorem 1.0.1. Let X be a smooth projective geometrically rational variety of dimension 3 over a finite field k = F q with function field F = k(X) and ℓ = char(k) = p be a prime such that X satisfies the Z ℓ -exactness Hard Lefschetz condition, then the third unramified cohomology
The Z ℓ -exactness Hard Lefschetz condition is in fact the question in [CTK11, Ques. 5.7], which we certainly can not answer in this note.
2. Proof of theorem 1.0.1
In this section we prove the main theorem 1.0.1 through several steps. First of all we show Proposition 2.0.2. Let X be a smooth projective geometrically integral variety over a field k of characteristic char(k) ≥ 0 and ℓ = char(k) be a prime. Then one has an exact sequence
Proof. By Kummer theory one has a distinguished triangle, see [Voe03, Thm. 6 .6]
By taking cohomology we have an exact sequence
One has a spectral sequence [SV00, Thm. 0.3]
where H q denote the cohomology sheaves. By the exact sequence for terms of lower degree one has an injection
∞ . So the injection above is in fact an isomorphism, so it gives us the exact sequence 2.2. Now by definition we have lim
The last group is torsion-free by Kummer theory, so we are done. Proof. The assumption that CH 0 (X Ω ) = Z implies the diagonal decomposition in CH d (X × X) (see [BS83] ) N∆ X = Γ 1 + Γ 2 , where Γ 1 is supported on ξ × X with ξ is a 0-dimensional subscheme, Γ 2 is supported on X ×D for a divisor D ⊂ X and N ∈ N × is an integer. By action of correspondences, see e.g. [CTV10, App.], we obtain
One has that Γ 1 * factors through
where we can assume ξ is a closed point and so H Proof. Let G = Gal(F q /F q ) be the absolute Galois group of F q . From the HochschildSerre spectral sequence
one has a short exact sequence
From the universal coefficient exact sequence
and the fact by Serre that H 4 et (X, Z ℓ (2)) is torsion-free, we conclude that : Apply now the Kernel-Cokernel exact sequence for the composition 2.4, we can conclude that H 4 et (X, Z(2))⊗Z ℓ maps injectively to H 4 et (X, Z ℓ (2)). So H theorem (H
